
Effect of Rotation on Thermal Instability 
in Rivlin-Ericksen Elastico-Viscous Fluid 
R. C. Sharma and P. K u m a r 
Depar tmen t of Mathemat ics , Himachal Pradesh University, Summer Hill, Shimla-171 005, India 

Z. Na tu r fo r sch . 51a, 8 2 1 - 8 2 4 (1996); received December 27, 1995 

The thermal instability of a layer of Rivlin-Ericksen elastico-viscous fluid acted on by a un i form 
ro ta t ion is considered. F o r s ta t ionary convect ion, a Rivlin-Ericksen elastico-viscous fluid behaves 
like a Newtonian fluid. It is found that ro ta t ion has a stabilizing effect and introduces oscillatory 
modes in the system. The visco-elasticity also introduces oscillatory modes in the system. A suffi-
cient condit ion for the non-existence of overstabili ty is also obtained. 

Introduction 

The effect of thermal instability of a fluid layer acted 
on by a uniform rotation has been discussed exhaus-
tively by Chandrasekhar [1]. Bhatia and Steiner [2] 
have studied the problem of thermal instability of a 
viscoelastic (Maxwell) fluid in the presence of rotat ion 
and have found that the rotat ion has a destabilizing 
influence in contrast to the stabilizing effect on an 
ordinary fluid (Newtonian fluid). Sharma [3] has stud-
ied the thermal instability of a layer of viscoelastic 
(Oldroydian) fluid acted on by a uniform rotat ion and 
found that rotation has destabilizing as well as 
stabilizing effects under certain conditions, in contrast 
to that of a Maxwell fluid where it has a destabilizing 
effect. 

There are many elastico-viscous fluids that cannot 
be characterized by Maxwell's constitutive relations 
or Oldroyd's [4] constitutive relations. One such class 
of elastico-viscous fluids is Rivlin-Ericksen fluid. Sri-
vastava and Singh [5] have studied the unsteady flow 
of a dusty elastico-viscous Rivlin-Ericksen fluid 
through channels of different cross-sections in the 
presence of a time dependent pressure gradient. In 
another study Garg et al. [6] have studied the rectilin-
ear oscillations of a sphere along its diameter in a 
conducting dusty Rivlin-Ericksen fluid in the presence 
of a uniform magnetic field. It is this class of elastico-
viscous fluids we are interested in, particularly in the 
thermal convection in such fluids in the presence of 
rotation. 

Reprint requests to Herrn Dr. R. C. Sharma. 

The present paper, therefore, at tempts to study the 
thermal instability in a Rivlin-Ericksen fluid in pres-
ence of uniform rotation. 

1. Formulation of the Problem and Dispersion Relation 

Here we consider an infinite horizontal layer of a 
Rivlin-Ericksen elastico-viscous fluid of depth d, 
which is acted on by a uniform rotation ß (0, 0, Q) and 
gravity force </(0, 0, — g). This layer is heated from 
below so that a steady adverse temperature gradient 
ß ( = | d T / d z | ) is maintained. The equations of mo-
tion, continuity and heat conduction governing the 
flow are 

a q 1 
^ - + (<rV), jr= Vp (1) 
dt Q o 

+ (v + v £ ) V2q + g(l + + 2 ( q x ß ) , 

V • 0 = 0 , (2) 

~ + ( < r V ) T = K V 2 T , (3) 

where q(u, v, w), p, g, T, v, v' and K are respectively 
the velocity, pressure, density, temperature, kinematic 
coefficient of viscosity, kinematic viscoelasticity and 
thermal diffusivity. The equation of state for the fluid 

G = E0[\-OI(T-T0)], (4) 

where G0, T0 are respectively, the density and temper-
ature of the fluid at the reference level z = 0, and a is 
the coefficient of thermal expansion. 
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Letting Here we make the Boussinesq approximation under 
which the density changes may be disregarded in all 
terms in the equations of motion except the one in the 
external force. The initial state is one in which the 
velocity, density, pressure and temperature at any 
point in the fluid are respectively given by 

q = (0, 0, 0), Q = Q (z), 
p = p(z) and T = T(z). (5) 

Let q{u, v, w), bg, bp and 6 denote, respectively, the 
perturbations in velocity (0, 0, 0), density g, pressure p 
and temperature T. Then the linearized perturbation 
equations are 

0? 1 . / 8 
- = V bp + v + v' — dt ßo V 8 r 

+ 2 (q x Q), 

V q = 0, 

^ + ( q - V ) T = KV 2 0 . 
or 

i 5 Q 
v2q + g — 

(6) 

(7) 

(8) 

Within the framework of Boussinesq approximation, 
(6)-(8) becomes 

a V7 2 
6 ? v 

(9) 

dt 
6w 

-2Q — 
dz 

u 
— K V2 j 1 e = ßw. 

(10) 

OD 

where 

V2 = • 
a2 e2 e2 

6x2 6y2 dz2 and 
K dv du 

dx dy 

denotes the z-component of vorticity. 
We now analyze the disturbances into normal 

modes, assuming that the perturbation quantities are 
of the form 

(12) 

[w, 0, c] = [ W(2), 0 (z), Z (z)] exp (i kx x + i ky y + nt), 

where kx, ky are wave numbers along the x and y 
directions, respectively, k2 = k2

x + k2 and n is, in gen-
eral, a complex constant. 

a = kd, 
nd2 

P i = 

(x, y, z) -* (x d, yd, z d) and F = —j , 

(9)-( l l ) , using (12), give 

gotd2 

o(D — a ) W + a20 +(TA
1/2d)DZ 

= (\ + Fo){D2-a2)2W, (13) 

[(1 + Fg) (D2 — a2) — a] Z = -

[D2 - a2 - plo}0 = -

4 Q2 d 4 

ßd 2 

1A 
d 

W, 

DW, (14) 

(15) 

where T. = denotes the Taylor number and 

D = — . Applying the operator 
dz 

[D2 — a2 — px a] [(1 + F <t) (D2 — a2) — o] 

to (13), we eliminate 0 and Z to obtain 

a(D2 - a2)(D2 — a2 — px a) [(1 + F a)(D2 - a2) -a]W 

- Ra2[(\+Fo)(D2 - a2) - a] W 
- TA(D2 - a2 - Pla)D2 W 
= (1 + Fa)(D2 -a2 - pl a )(D2 - a2)2 

where R = 

• [ ( \ + F a ) ( D 2 

g y. ßd4 

2 ) - a ] W , (16) 

stands for Rayleigh number. 

We now assume that the fluid layer is confined be-
tween two free boundaries. The case is of artificial 
nature, but due to mathematical simplicity it enables 
us to show the behaviour of rotation on the Rivlin-
Ericksen elastico-viscous fluid analytically. Then the 
boundary conditions appropriate for the problem are 

W=D2W=0, 0 = 0, 
DZ = 0 at z = 0 and z = 1 . (17) 

Dropping the caps for convenience and using the 
above boundary conditions, it can be shown that all 
the even order derivatives of W must vanish on the 
boundaries, and hence the proper solution of (16) 
characterizing the lowest mode is 

W= W0 sin nz , 

where Wn is a constant. 

(18) 
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where 
i 

\=$(\DW\2 + a2\W\2)dz, 
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Substituting (18) in (16), we obtain the dispersion 
relation 

(\+x)(\+x + ip1al){(\ +ialn2F)(\ +x) + ial} (19) 

[(1 +ia1n2F)(\ +x) + ial]+Tl(\+x + ipl ox) 

where 

x[(l+iffln2F)(l+x) + i<rl] 

R T, 
= Z4 ' ~A a2 = n2 x , 

it being remembered that a can be complex. 
Here we consider the overstable mode and so o y is 

real in (19). 
For the case of stationary convection, i.e. o = 0, (19) 

reduces to 

R i = 
(1 + x)3 + Ty 

(20) 

We thus find that for the stationary convection, the 
visco-elasticity parameter F vanishes with a, and the 
Rivlin-Ericksen elastico-viscous fluid behaves like an 
ordinary Newtonian fluid. 

To study the effect of rotation, we examine the na-
ture of dRJdTy. 

From (19), it follows that 

(1 -I" X + ip, Oy) dRy _ 
dTy ~ x[(l + iOy n2F)(l + x) + ioy] 

(21) 

On equating the real and imaginary parts of (21), it 
follows that 

d Ry 
d 7 f 

(22) 

which is always positive. The rotation thus has a sta-
bilizing influence. 

2. Stability of the System and Oscillatory Modes 

Multiplying (13) by W*, the complex conjugate of 
W, integrating over the range of z and making use of 
(14) and (15) together with the boundary conditions 
(17), we obtain 

Gly + 
gy.Kax 

vß 
(I2 + Plo*I3)-d2(\+Fa*)I4 

d2a*I5=(\ + Fa)I6, (23) 

(24) 

= j ( | D 0 | 2 + a 2 | 0 | 2 ) d z , 
o 

= } | 6 > | 2 d z , 
0 
1 

= \(\DZ\2 + a2\Z\2)dz , 
0 

= j | Z | 2 d z , 
0 
1 

= ${\D2W\2 + 2a2\DW\2 + a4\W\2)dz , 

and er* is the complex conjugate of a. The integrals 
I y - I 6 are all positive definite. Putting a = a r + / a i in 
(23) and equating the real and imaginary parts, we 
obtain 

q olk a , , 
- I y + — Pi /3 — d FIA — d ls — Flt vß 

and 

gtxKa 

vß 
I2 + d2U + I6 (25) 

qcLKa , , , 
I , + - Py /3 - d2 F U - d215 + F I( vß 

= 0 . 

(26) 

It is evident from (25) that a r is positive or negative. 
The system is therefore stable or unstable. It is clear 
from (26) that rotation and viscoelasticity introduce 
oscillatory modes in the system which were non-exis-
tent in their absence. 

3. The Case of Overstability 

Here we discuss whether instability may occur as an 
overstability. When the marginal state is oscillatory, 
we must have oT = 0, o{ 4= 0. 

Since for overstability we wish to determine the 
critical Rayleigh number for the onset of instability via 
a state of pure oscillations, it will suffice to find condi-
tions for which (19) will allow for solutions with ox 

real. Separating the real and imaginary parts of (19), 
we have 

Ry(a - l) = a 3 - a f f 2 [ ( l + n2 F a) 
•(1 + TT2 F a + 2py)] + Ty , (27) 
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R1(<x- 1)(1 + 7r2 F a) = (1 + 7i2 F a) 

• a [2 a 2 — er2 px (1 + ; r 2 F a ) ] + p j ( a 3 + Tx) , (28) 

where 1 + x = a. 
Eliminating Rx between (27) and (28), we have 

[7T4Fa2 (pj + 7r2 F 2 a) + (1 + ;r2 F a ) ( P l + 3tt2 F a ) 

+ (1 + p17t2Fa)]a<72 + [ ; r 2 F a 4 + (1 + P l ) a 3 

+ T 1 ( p 1 - l - 7 r 2 F a ) ] = 0 . (29) 

Equation (29) is of the form 

Aa2 + B = 0 , (30) 

where /I, B are coefficients of o\ and a constant term, 
respectively, in (29), and A is positive. 
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Since ox is real for overstability, the value of o\ is 
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- > 1 +F(n2 + k2d2). (32) 
K 

V 
The condition — > \ + F(n2 + k2 d2) is, therefore, 

K 
a sufficient condition for the non-existence of over-
stability, the violation of which does not necessarily 
imply occurrence of overstability. 
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